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Analytical Criterion for Chaotic Dynamics
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In this work, we study the attitude dynamics of a single body spacecraft that is perturbed by the motion of a small
flexible appendage constrained to undergo only torsional vibration. In particular, we are interested in the chaotic
dynamics that can occur for certain sets of the physical parameter values of the spacecraft when energy dissipation
acts to drive the body from minor to major axis spin. Energy dissipation, which is present in all spacecraft systems
and is the mechanism that drives the minor to major axis transition, is implemented by a quantitative energy sink
that is modeled with a nonlinear controller. We obtain an analytical test for chaos in terms of satellite parameters
by Melnikov’s method. This analytical criterion provides a useful design tool to spacecraft engineers who are
concerned with avoiding potentially problematic chaotic dynamics in their systems. In addition, we show that a
spacecraft with a control system designed to provide energy dissipation can exhibit chaos because of the inherent

flexibility of its components.

Introduction

HIS paper deals with the attitude dynamics of a single body

spacecraft with a small flexible appendage whose motion is
limited to torsional vibration.!~> In addition, energy dissipation is
introduced by use of a nonlinear controller defined by Kammer and
Gray.* The nonlinear controller quantitatively simulates an energy
sink that dissipates energy from the system without adding addi-
tional degrees of freedom. We study the chaotic dynamics that can
occur for certain sets of the physical parameter values of the space-
craft when energy dissipation acts to drive the body from minor to
major axis spin. We obtain an analytical criterion for chaos in terms
of physical parameters of the satellite.

This work is an extension of earlier work of Gray et al.,>~7 in
which chaotic attitude dynamics occurring in simple spacecraft sys-
tem were analytically investigated. In Ref. 5, Melnikov’s method®~*
is used to investigate the onset of chaotic dynamics in a viscously
damped spacecraft that has small subbodies oscillating within it. In
Ref. 6, the same model is studied as in Ref. 5, but damping is im-
plemented via the nonlinear controller used in this paper. In Ref. 7,
Gray and Campbell numerically investigate the dynamics of the
model used in Ref. 5, and in doing so develop numerical tools for
studying chaos in spacecraft systems, demonstrating the richness of
dynamics that are possible in simple spacecraft systems.

Other related work includes the analytical study of chaos in
Hamiltonian!! spacecraft models that possess a rotor aligned with a
principal axis by Holmes and Marsden,'?> a Hamiltonian dual-spin
spacecraft model by Koiller,'* perturbation studies of spacecraft
with elastic and dissipative elements by Chernous’ko,'*"> and the
analytical and numerical study by Kaplan et al.!%!7 of the use of
the apogee motor with paired satellites technique to deploy pairs of
satellites into high circular orbits. Excellent reviews of some of this
work and much more can be found.!®1¥
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This work differs from previous studies in that we are able to
analytically predict chaotic dynamics in non-Hamiltonian spacecraft
models. In addition, we are able to predict global dynamics, i.e.,
necessary conditions for chaotic attitude dynamics, in terms of the
system parameters. Finally, unlike the earlier analytical work of
Gray et al., continuous elastic elements are present, which results
in a substantial complication of the equations of motion and the
analysis. It is important to note that we study chaotic dynamics in
a spacecraft system with energy dissipation that does not possess
nonautonomous forcing terms. In other words, the chaos comes
from the vibration of continuous elastic elements on the spacecraft
and not from some nonautonomous periodic forcing function such
as a misaligned rotor. Thus, we show that even a perfectly tuned
spacecraft system, with a control system designed to provide energy
dissipation, can exhibit chaos because of the inherent flexibility of
its components.

Problem Description

The model system shown in Fig. 1 consists of a torque-free, un-
damped, rigid carrier body b that is perturbed by two effects: the
motion of an elastic appendage a cantilevered off carrier body b
and an onboard nonlinear controller that quantitatively simulates an
energy sink.

In addition, we impose the following conditions on the system:
Appendage a consists of a rigid tip mass that is joined to carrier
body b by a massless elastic rod. The mass center of the entire
spacecraft, or rather the system, is located at CM and that of the
appendage is at CM,. The orthonormal coordinate system, e, e;,
e3, affixed to the carrier body and originating at the system’s mass
center CM, is parallel to the appendage’s orthonormal coordinate
system ¢y, {2, {3, which originates at its mass center CAM,. Both
sets of basis vectors are body-fixed with respect to carrier body b.
The distance between the two mass centers along the coincident unit
vectors &1, ¢, is £. (Throughout this work, we denote a unit vector
in the direction ¢ by 4.) The mass moment of inertia tensors of
appendage a and carrier body b are denoted diag{A,, B,, C,} and
diag{A;, By, C)}, respectively, with A, < Bj, < C,. The previous
inequalities must be strict in the sense that the carrier body must
be asymmetric. This assumption is not needed for derivation of the
equations of motion but will be needed for application of Melnikov’s
method. The components of the inertial angular velocity of carrier
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body b, w, are defined by the expression w = wé; + w;é; + w3é3.
The motion of the tip mass (see Fig. 2) is limited to rotation about the
rod axis, e, or ¢;. This torsional displacement mode can be realized if
the appendage is constrained by a system of guy wires that prevent
flexural and flexural-torsional vibration modes.!~> Consequently,
the system’s mass center does not move relative to carrier body b.
The angle of twist of the torsional elastic rod relative to the carrier
body is measured by angle . The rod extends from the outer surface
of the carrier body to the origin of the ¢;, ¢, {3 coordinate system
and has a torsional stiffness of JG/L. The cross section of the
rod is circular. The system is free of any external torques or forces
that might stem from gravity gradients, atmospheric drag, thermal
gradients, or the like. The control gain of the nonlinear controller is
measured by the parameter 8 and is incorporated into the equations
of motion according to Kammer and Gray.*

Equations of Motion

Now that the model has been defined, the equations of motion
are derived for the carrier body by using standard Newton-Euler
techniques. The procedure we undertake is as follows: The satellite’s
total angular momentum with respect to its mass center CM is
given by

heam = [Apor + Au(or + @)1

+ [B,,wz — (C,, + m,,éz) (w3 cosa — w, sine) Sina

+ (B,, + m,,lz) (w7 cosa + ws sina) €os a]éz

+ [C,,w3 + (C{, + maléz) (wy cos o — w, sin o) cos a

+ (B,, + m,,éz) (wn cOs & + ws sin ) sin a]é3 €))

with the corresponding components
hem = hiéy + haey + haés 03

It will be advantageous later if we equate the two forms of the

total angular momentum given in Egs. (1) and (2) now and then
solve for the angular velocities w; in terms of the components of

angular momentum #;. Doing this, we obtain the following three
equations:

b — A

= 3
Ab + Aa ( )

(5]

wy = {1hs[ B, + C, +2C) +2m 62 + (C, — B,) cos 2a)
- %h3(B“ - Cﬂ) Sinza}/[%(BuBh + B[;Ca + BaC],
+CuCy) + L (~BuBy + ByC, + B,Cp, ~ C,Cp) cos 2a
+B,C, + ByCp, + maCZ(Bu +B,+C,+Cp+ maﬁ)] @)
w3 = {%h:{[Ba + C, + 2By + 2m 8> — (C, — B,) cos Za]
B %hZ(Ba - C”) Sinza}/[%(B"Bb + BllC{l + B(ICII
+C(1Cb) + %(_BaBb + B],C” + B”Cb — Cacb) cos 2o

+ B,C, + B,Cp + maﬁz(B,, +B,+C,+Cy+ m,,lz)] (5)

The equations of motion can now be determined by taking the
total time derivative of the angular momentum and setting it equal
to the sum of all external torques about the mass center CM, Mc .
Expanding the total time derivative, we arrive at the relation

Dhep dhem
Dt dt

Mcp = +w x hepm (6)
where d he aq/df represents the time derivative of ke a4 in the rotat-
ing reference frame.

As we have assumed the system to be torque free, Eq. (6) can be
written in terms of its components as

hy = w3hy — wrh; (7
hy = wihy — w3y ®
hy = wyhy — wihy )]

where the angular velocity terms w; were found in Egs. (3-5). These
three equations of motion are thus given by

hy = {2[B, — C, + (B, — Cy) cos 2al hahs
+ (B, — C) (M3 — 13) sin2a} /{ B, (B, +2C, + C)
+ B,(Cy +2C,) + C,Cy + 2m24* + 2m (B, + B,

+Cp + Co) + (B, — C)(Cy — By) cos2a} — Bk (10)

hy =2{[2B) + B, + Cu + 2mt* + (B, — C,) cos 2a |y
— (By — Cu)hihy sin2a} [{ (B, — C.)? sin’ 2«
~[2B, + B + Cu + 2m,t* + (B, — C,) cos 2a ]
x [2C) + By + Cu +2mut? + (C, — B,) cos2a ]}

(hy — Asa)hs
AI) + Aa

+ Bha(h; — h3) (1
hy = {[2C} + B, + C4 +2m 8% + (C, — B,) cos 2a]hyhy
+(Cy — Bu)hihsysin2a} /[ By(B, +2Cy + Ca)
+ Ba (Clr + 2Ca) + Cbca =+ 2m§e4 + 2ma£2(Bb + Ba
+C + Cu) + (By — C,)(Cy — By) cos 2]

(b~ Add)hy

h2h 12
AI;+Aa +ﬂ 23 ( )
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where we have included the term due to the nonlinear controller in
each equation. We note that the values of 8 must be restricted by
the following two inequalities (see Ref. 4 for details):

5 2 C,— A
< -
h Ahcb
2 Cl) - All Blz - Cb
B<—
h AI)CI) BI)CI)

and h is the total angular momentum of the system.
The appendage equation of motion is found by forming the
Lagrangian of the whole system and then retaining only those terms

that are functions of the angle « or its time derivative &. This reduced
Lagrangian is given by

L= %A,,(dz + 26w + a)f) + 1B, (w; cosa + w; sina)?

AIJ - Bb
Ab Bb

13)

+1Cu(~wy sina + w3 cosa)? — (JG/2L)a? (14)

Our last equation of motion is then found by applying Lagrange’s
equation of motion, giving

AbAa . Aa - .
h C,— B, 3 SIn
A )(@2 cos & + w3 sin )
JG
x(w3cosa—w2sina)+7a= 0,=0 (15)

where w, and w; were found in Egs. (4) and (5), hy from Eq. (10)
does not include the nonlinear controller term,* and the generalized
force Q, is assumed to be zero.

Nondimensionalization of the Equations of Motion

Our next step is to nondimensionalize Eqgs. (10-12) and (15) and
then transform them into a form consisting of an unperturbed part
(the equations for a torque-free rigid body, i.e., Euler’s equations)
plus perturbation terms, thus leading to a system of the form

x=fx; p)+eglx, t; p) (16)

wherex = (hy, h,, hs, , &) and p is a vector of system parameters.
Writing the equations as an unperturbed part plus perturbation terms
is required for application of Melnikov’s method. This is the most
difficult part of the modeling process because proper, yet reasonable,
assumptions must be made about the relative sizes of all the physical
quantities so that when order € terms are discarded we are left with
a properly integrable system. After consulting the literature,” we
have formulated a set of assumptions about the relative sizes of the
physical parameters.
Proceeding with the nondimensionalization, we assume the fol-
lowing orderings:
m,0* = O(e), A, = O(e), B, = O(e)
an

B =0()

and that all other quantities are O(1). Physically, these assumptions
imply that the tip mass is nearly symmetric (C, ~ B,), that the
appendage is small compared with the main body in terms of total
mass and of mass moments of inertia, and that the control gain 8
is small. Given these physical restrictions, we quantitatively define
the following dimensionless quantities:

Ca = 0(8)v Ca — B, = 0(82),

Eémqel’ réﬂ, ”’éﬁf_’ I?éJGB"
Bb BI) h Lh2
- hB] C], AI)
A 4 A JAY
Y , st ab 18
B P B ry B, r B, (18)
A, ~ B, -, C,— B,
re === LE 5%
B, eB, em, €2

where T is nondimensional time and all nondimensional quantities
except €, a, 1, ry, r2, and ry are denoted with a tilde. We denote

differentiation with respect to nondimensional time r by a prime,
and note that this implies that ()’ 2 B,O/h. It is important to note
that the definitions of nondimensional quantities given in Eq. (18)
do not change the ordering of the physical parameters or constants
even though it may appear so. For example, A is not an O(1/¢)
quantity as it might first appear because B, is O(¢).

Applying the nondimensional definitions, given in Eq. (18), to our
equations of motion [Eqgs. (10-12) and (15)], they are transformed
into the following form:

B = [2(1 —r —&¥5cos 20:) hahs
— &8 sin20(h — )| /{2r + 21 + r)1 + %)
+ &2+ 81+ 1) + 222+ 1) +8(1 ~ ) cos 2a]
+26%5(1 + 1)} — efhih} (19)
hy = 2{[2+2e(1 + %) + £28(1 — cos 2e))h A3
+*(§sin2a)hhy} [ {€*67 sin 20 — [2 + 26(1 + 1)
+878(1 — cos 20)][2r1 + 2&(1 + 1) + £78(1 + cos 20) |}

(ﬁl - 81740[/)53

+efhy(R2 — RY) + -
ﬁ 2( ! 3) r2+eAr4

(20)

Ry = {[2r1 + 261 + 1) + £25(1 + cos 2a) |1z
+ &2 @ sin2a)hhy} [{2r + 261 + 1) (1 + 1)
+ 22480 +r) + 202+ 1) + 501 — ) cos2a]

_ (ill - 817‘40[’)};2

+26%5(1 + 1)} + eBhdhy 2
ry+ €Ary

2n

o= (rr + err)Ka k)

488 (ry + ehrs)

EAryry r Fafsh

x {[(1+ &+ elhscosa — (r + & + Ay sina]

x [(r1 + &+ ek + &)y cosa + (1 + & + ek
+&O)hysinal} /{2r1 + 261 + (A + 1) + £2[2(1 + 1)

+8(1+r) + (1= DS cos2a] +26°5(1 + D)}’ 22)

where k] in Eq. (22) does not include the nonlinear controller term
from Eq. (19). Equations (19-22) are the full equations of motion
with no simplifying assumptions. These equations must be trans-
formed into the aforementioned form consisting of an unperturbed
part (found by discarding higher order terms; the unperturbed equa-
tions are just the equations for a torque-free rigid body) plus per-
turbation terms [see Eq. (16)] to apply Melnikov’s method. This is
done by expanding the equations in powers of ¢ and keeping only
terms through the appropriate order of . The expanded equations
can be written as

. 1-r\:. eQ+0(1-r)).. ...
h,l = ( rl)h2h3 - ——)2("——-1-)—]12}13*8[3/’11’1%-}-0(82)

r rl
(23)
. — i 1+ Mk A "+ i)k
i = rL—r s + e(1+ 2)h1h3 _ sAr4(r2a2+ hi)hs
nr r ry
+£Bhy (R — B) + O@D) (24)
- —1\: . eir(h oY
7 = (rz )h1h2 " erry(hy 42' raa’)hy
&3 7'2

—&(1 + Nhihy + eBhihy + O 25
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o = —(K/ehra — [(1 = r)/rirlhohs + O)  (26)°

Note that the presence of ¢ in the denominator of the coefficient of
a in Eq. (26) is a consequence of the fact that the moments of inertia
of the appendage are small [see Eqgs. (15) and (18)]. The effect of
this term is to make the oscillatory part of the solution of Eq. (26)
be high frequency. Of course, if the stiffness of the supporting shaft
happens to be of order ¢, then this frequency will be of order one.
In addition, despite the appearance of a singularity in Eq. (26), i.e.,
the stiffness term is O(1/g), we note that setting ¢ = 0 makes the
« equation irrelevant because the terms involving « in Egs. (23-25)
disappear.

Unperturbed Phase Space

At this point we begin our discussion on how chaotic dynamics
can be detected in Egs. (10-12) and (15). First we describe the
necessary phase-space structure.

The unperturbed system is obtained by discarding higher order
terms in Eqgs. (23-26). Note that, upon doing so, we obtain two sets
of uncoupled equations

1) Equations (23-25) become Euler’s equations of rotational
motion.

2) Equation (26) becomes a linear oscillator forced by the angular
momentum components h, and h;.

To apply Melnikov’s method to the system of Egs. (23-26), there
must be a heteroclinic cycle in the unperturbed phase space, and
the unperturbed system must be integrable.!® It can be shown that
the attitude dynamics of a torque-free rigid body, when measured
in body angular momentum components, occur on the surface of
the angular momentum sphere (see Fig. 3). This sphere is also the
reduced phase space corresponding to Euler’s equations of motion
for a torque-free rigid body. These equations are given by

Ry = [(1 — ry)/rilhahs en

hy = (r‘ —~ r2>fnfl3 28)
rir

Ry = [(ry — D/rdhiy 9)

Euler’s equations are integrable in terms of Jacobi elliptic functions
or hyperbolic functions, depending on the angular momentum and
energy (the hyperbolic function solutions correspond to the hetero-
clinic cyclesin Fig. 3). The phase space is a two-dimensional surface
embedded in R3. This phase space possesses six fixed points or equi-
libria corresponding to positive and negative spin about each of the
three principal axes of the satellite. Two of the fixed points, corre-
sponding to spin about the intermediate principal axis, are hyper-
bolic fixed points or saddles. In addition, there are four heteroclinic
orbits linking the hyperbolic fixed points as shown in Fig. 3. During
transition of an energy-dissipating satellite from spin near the mini-
mum moment of inertia axis to spin about the maximum moment of
inertia axis, the trajectory must cross the heteroclinic orbits in the
phase space. More precisely, the trajectory of the damped system
must cross a heteroclinic orbit of the undamped system.

major axis
equilibrium

heteroclinic
orbits

hyperbolic

minor axis
equilibrivm

Fig. 3 Momentum sphere illustrating heteroclinic orbits and hyper-
bolic saddle points. Curves are orbits of constant energy.

Application of Melnikov’s Method

Now that we have the requisite phase-space structure needed to
apply Melnikov’s method, we briefly describe the method and how
we apply it. Melnikov’s method is a perturbation technique that
provides a measure of the distance or separation between the sta-
ble and unstable manifolds of hyperbolic saddles in planar Poincaré
maps. If the manifolds intersect transversely in the Poincaré map,
each intersection is referred to as a transverse heteroclinic point,
and infinitely many such points must exist. (The method applies
equally well to systems with homoclinic orbits.) The existence of
transverse heteroclinic points in the Pioncaré map implies the ex-
istence of horseshoes and chaos via the Smale~Birkhoff theorem.®
Melnikov’s method proves the existence of transverse heteroclinic
points by determining when the distance between the stable and un-
stable manifolds is zero for some values of the system’s parameters.
Although it is a perturbation technique, Melnikov’s method gives
global information about the system’s dynamics. The essential idea
is to use the globally computable solutions to the unperturbed in-
tegrable system in studying the perturbed solution. For a detailed
exposition of Melnikov theory, see Guckenheimer and Holmes® or
Wiggins.>!10

Melnikov’s method considers systems of the form

x = f(x) +eglx, 1), x= {Z} € R? (30)

where g is periodic in ¢, f(x) is a Hamiltonian vector field defined
on R?, and eg(x, ¢) is a small perturbation that is not necessarily
Hamiltonian. The Melnikov function, denoted M (1,), can be written
as the integral

M) = / Slgo®1 A glgo(®), t + to1 de (31

where the symbol A is the wedge operator, defined by a A b =
a1b, — a;b; and g (¢) is the solution for the heteroclinic orbits in
the unperturbed system.

Melnikov’s method previously has been applied to simple space-
craft systems by Gray et al.,>® yielding previously unknown results
about the complex dynamics of perturbed rigid bodies. This study
extends those results to similar spacecraft systems possessing elas-
tic elements. Equations (23-26) must first be written in the form
of Eq. (30) and the unperturbed or O(1) terms must be fully inte-
grable. This is done in the following manner (following a technique
of Holmes?!' and Wiggins”).

Step 1. We begin by noting that Eqs. (23-25) are coupled to
Eq. (26) only through perturbations of the 4] equations. That is, the
O(1) terms in Egs. (23-25) do not contain «. This allows us to solve
for the unperturbed orbits ~; without regard to the « equation.

Step 2. Now that we have the solutions for the unperturbed an-
gular momentum components k;, we substitute those solutions into
the corresponding 4; components of o Eq. (26). We then solve the
resulting equation, which is a linear oscillator forced by hyperbolic
functions, for a.

Step 3. Finally, we substitute the solutions obtained in Step 2 for
«a (and o’ by differentiation) into the perturbation terms of Egs. (23—
25). Because the solutions for « turn out to be periodic, that leaves
us with three nonautonomously forced equations [forced in the O(e)
perturbations] in the three components of angular momentum.

We now describe each of the three steps in detail.

Step 1: unperturbed heteroclinic orbits g, (¢). We obtain the so-
lutions to Eqs. (23-25) along the unperturbed heteroclinic orbits
by discarding higher order terms, thus obtaining Euler’s equation
of rotational motion. For a torque-free rigid body with equations
of motion given by Egs. (27-29), there are two integrals of the
motion—momentum and energy.”” In nondimensional coordinates,
these integrals are given by

R+ h+h:=1 (momentum) (32)

(/) + B+ @fr) =T ooy O3
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where T £2B,T/h? is the nondimensional total energy and T is
the total energy. Any trajectory on the momentum sphere is deter-
mined by the intersection of the momentum sphere S defined by
Eq. (32) and the energy ellipsoid £ defined by Eq. (33). Recall that
when viewed in body coordinates, the angular momentum vector
appears to move so that its tip always remains on a particular in-
tersection of S and £. The radius of &, which is A =1, must lie
between the smallest and largest semiaxes of the ellipsoid. Because
A, < B, < C,, or nondimensionally 0 <r, <1 <r; (the complete
condition on r; and r, is 0 < ry < 1 <r; <14 r,), the condition on
the radius of S is given by r,T < 1 < r,T. Because the heteroclinic
orbits are formed when the S and £ surfaces are tangent at the points
(0, #1, 0), the energy level for the heteroclinic orbits must be given
by T =Hh*/(2B;) or T =1 nondimensionally. The energy integral
then becomes

(R fr)+ i3+ (R /r) =1 (34)

Using Egs. (27-29), (32), and (34), it can be shown that the solutions
for the h; along the heteroclinic orbits are given by (also see Ref. 20)

1
_ 3
f”:i[ﬂ—”l] sech[Rz] 35)
rn—rn
i, = =+ tanh{R7] (36)
hy= | 2= h[R 37
= " sechine] 37

where

«_ [(n=Da-r)
(rir2)

T = 0 has been chosen to eliminate constants of integration, and the
appropriate signs are chosen to give the four heteroclinic trajectories.
Note that these solutions, [Egs. (35-37)] are also the unperturbed
solutions to our equations of motion [Egs. (23-25)] because when
higher order terms are discarded in Eqs. (23-25), we just obtain
Euler’s equations of rotational motion.

Step 2: solving the « equation. The solution to the equation for
« that is obtained after substituting the unperturbed solutions for hy

and /5 into Eq. (26) is derived in the Appendix. It is shown that the
solution to Eq. (26) is

494
o = {(X() — 5'('1—7—172'5 SCCh[ 7R ] } COS[QT]
+ nol T (| 22
S'Zerrz 2(1 —rz) 2R

_('1
o™
[R“Q] [RZ;Q])}sin[Qt] (38)

a = Asin(Qt + T) (39)

or rather

where A is the amplitude and Y is the phase of Eq. (38), Q&
Wi (K /(ehry)], o is the initial angle of twist, a;, is the initial angle
of twist rate, and v is the Euler psi function (also known as the
Digamma function).

Step 3: substitution of . We now incorporate the unperturbed so-
lution for « into the O(¢) terms of the angular momentum Egs. (23~
25). Because of their length, the equations are not shown here, but
they are carried along implicitly in the next section, where we trans-
form to spherical coordinates. In general, this procedure would be
sufficient for application of Melnikov’s method. However, we need

to transform the equations of motion into spherical coordinates so
we will have independent equations.

Transforming the O () to Spherical Coordinates

We now transform to spherical coordinates so that the surface of
the momentum sphere is mapped to the plane. This is done because
the h; equations are not independent (three equations are describing
the motion on a two-dimensional surface). Transforming to spher-
ical coordinates will give us two independent equations. It is con-
venient to choose the coordinate transformation so that one of the
new coordinates is zero along an unperturbed trajectory. This can
be done easily because the heteroclinic orbits are great circles on
the momentum sphere. Consider the heteroclinic orbit that lies in
the region ky > Oand i3 > 0. The angle v between the f,~/, plane
and this heteroclinic orbit can be shown to be

v = arctan _ [ —————:i Zz—_rlli (40)

From this definition for the angle v, we also can show that

ra(rp = 1) . r(l—r)
COosSvY = — smy = E——
rn—n ry—nr

Starting with a set of coordinates &, &, &; aligned with the ¢,,
ey, e3 system, we can rotate the § coordinate system through the
angle —v about the h; axis so that the positive & axis pierces the
heteroclinic orbitin theregion 4, > 0, h3 > 0. We can then transform
from the € coordinates to the spherical coordinates ¢ and 8 to obtain
the following equations relating the 4;, v, 8, and ¢:

hy = cosvcosf cosg — sinvsing 41
hy = sinBcos ¢ (42)
h3 = sinvcos 8 cos ¢ + cos v sin (43)

Note that there is no radial dependence because the angular mo-
mentum sphere has a constant radius. It is important to note that
this transformation does not alter our Melnikov results or their in-
terpretation. In fact, we really are just transforming a planar system
(S?—the surface of the sphere) to a planar system (R?). Because the
transformation given in Egs. (41-43) is a diffeomorphism (a diffeo-
morphism from one manifold M to another N is a one-to-one, onto,
differentiable map ®: M — N such that the inverse ®~!: N —> M
is also differentiable), points of intersection on the surface of the
sphere must remain points of intersection in the plane, and if the
intersection is transversal in one it must be transversal in the other.
This is the natural idea of isomorphism, or sameness, for manifolds.
The derivatives with respect to T are also needed and they are
given by
B, = ¢'(—cos v sin ¢ cos @ — sin v cos ¢) — 6’ cos v sin cos ¢
@4)

Ry =6’ cos@cos¢ — ¢ sinbsing 45)

R, = ¢'(cos v cos ¢ — sinv cos b sin¢) — 8’ sin v sin 6 cos ¢
(46)
The unperturbed solutions given by Egs. (35-37) must be trans-

formed to the same set of spherical coordinates. This transformation
gives

sin@ = — tanh[Rt] 47)
cos § = sech{Rz} (48)
¢=0 (49)

along the selected unperturbed heteroclinic orbit, with time chosen

to move along the trajectory from positive to negative A,.
Substituting Eqgs. (41-46) into Egs. (23-25) and then solving any

two of the resulting three equations for 6’ and ¢’ gives the final
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two first-order differential equations to which Melnikov’s method
is applied:

9 & Jo + €80 (50)
¢ = fo + e84 €3]
where { fo, fy} = f and {gy, g4} = g [see Eq. (30)].

Meclnikov Function

Substituting the unperturbed solutions gy(7), given by Egs. (47—
49), into flgo(7)] and glgo(t), T + 7] [defined in Egs. (50) and
(51)], carrying out the wedge product, substituting the result into
the Melnikov integral given by Eq. (31), and eliminating terms that
are zero because of having an odd integrand, we obtain
M) = - RQA cosvf sech(Rt) tanh(R1)

—00

x cos[Q(t + 1) + Yldr

o0
— Bsin2v f sech?(R7) tanh®(R) dt (52)
-0
where ¢; & —hry/r2.
The evaluation of these integrals can be determined with integra-
tion by parts and a good set of integral tables.”? After integrating,
the following Melnikov function is obtained:

7K Acosv
eryR cosh[r 2/(2R)]

y
M(ry) = —?ﬂ sin2v — sin(Qry+Y) (53)
Melnikov theory states that the condition for chaos is that M(ty)

change sign for some 1. Inspection of the Melnikov function reveals
that the condition for chaos is

3n KA > 4eBRr, sinv cosh(m /2R) (59)

That is, if Eq. (54) is satisfied, then the system exhibits chaotic
dynamics near the heteroclinic orbits for sufficiently small e.

Interpretation of the Melnikov Criterion

We have analytically proven the existence of horseshoes in the
attitude motion of a satellite perturbed by both continuous elastic
elements and an energy-dissipating nonlinear controller. The derived
criterion can be used to find the hypersurface separating chaotic and
nonchaotic regions in parameter space and, if necessary, to avoid
chaotic motion in this class of spacecraft systems. Inspection of
Eq. (54) reveals that the Melnikov criterion is a function of the seven
system parameters (ry, r3, 4, €, A, K, and B). If we satisfy Eq. (54),
the previously mentioned restriction on the carrier body’s shape
parameters r; and r (0 <r; <1 <r; <1-73), and the restrictions
on the control gain (damping parameter) 8 given by Eq. (13), then
the system, modeled by Eqgs. (10-12) and (15), exhibits chaotic
dynamics near the unperturbed heteroclinic orbits for sufficiently
small ¢.

Investigation of the implications of the criterion for chaos givenin
Eq. (54) can be done by fixing four of the seven system parameters
and then studying the others in a three-dimensional parameter sub-
space. Parametric studies of three-dimensional parameter subspaces
for Eq. (54) are shown in Figs. 4-8, where the chaotic parameter
region is above the surface. We note here that Figs. 4-8 were deter-
mined by using Eq. (13) as well as the Melnikov criterion [Eq. (54)],
i.e., when the value of § required to avoid chaos exceeds the value
allowed by Eq. (13), we show this with a flat surface at that level,
thus indicating that the values of 8 necessary to avoid chaos cannot
be achieved for the set of parameter values corresponding to the flat
surface. These investigations will eventually need to be compared
with numerical experiments, but the numerical experiments have
turned out to be too numerous and extensive to be presented here
and will be presented in another paper.

One characteristic that is immediately obvious is that as the con-
trol gain B is increased, it becomes increasingly more difficult to
satisfy the Melnikov criterion [Eq. (54)] or, rather, achieve chaotic
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T 7 re= 1.0
1 4
0 et 3
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9/ oo = 0.5
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6 ’:':':'.:':'ZZZ%,, o _0 2.
L2l ] £=0.
. ..::4?///1’

4 1.5 >

Fig. 4 Surface separating chaotic from nonchaotic motion in K, ra, ,3
space showing that for a nearly symmetric oblate carrier body, chaos is
very difficult to achieve.
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Fig. 5 Surface separating chaotic from nonchaotic motion in ry, r4, 3
space showing that for a nearly symmetric prolate carrier body, chaos
is very difficult to achieve.
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Fig. 6 Surface separating chaotic from nonchaotic motion in 1, :\, ﬁ
space showing the influence of appendage size on chaotic dynamics.

motion. It can also be seen that as B — 0, chaotic motion occurs for
all values of the system parameters, which is to be expected from the
theory of Hamiltonian systems; a generic Hamiltonian perturbation
to a Hamiltonian system always yields chaotic motion in a layer
surrounding a separatrix.?

In Fig. 4, we see that as the carrier body becomes a nearly sym-
metric oblate body (r» — 1), we have that the minimum value
of control gain B needed to avoid chaos approaches zero, that is,
chaos is very difficult to achieve. (Recall that a prolate body is one
shaped like a rod or thin cylinder and an oblate body is shaped
like a coin or a squat cylinder.24 Also recall that C, > B, > A,
and that r, 2 A,/ B, and therefore as r, — 1, A, and B), approach
one another and the satellite becomes an oblate-like body. As C,
and By approach one another, i.e., r; — 1, the satellite becomes
a prolate-like body. Note that one of the underlying assumptions
in all this work is that A, # B, # C,, implying an asymmetric
body. Without this, application of Melnikov’s method is impossi-
ble. Therefore, when the statement r, — 1 is made, we are not
saying that the body becomes symmetric with A, = B, but that
the body becomes nearly symmetric.) As r, approaches the oppo-
site limit of the carrier body’s shape inequality (r; — ry — 1), the
minimum value of 8 needed to avoid chaos increases in magnitude.
In Figs. 5 and 6, we see that as the carrier body becomes a nearly
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Fig.7 Surface separating chaotic from nonchaotic motion in r4, X ﬁ
space showing the influence of appendage shape on chaotic dynamics.
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Fig. 8 Surface separating chaotic from nonchaotic motion in K X\3
space showing the influence of appendage stiffness on chaotic dynamics.

symmetric prolate body (r; — 1), the minimum value of B needed
to avoid chaos approaches zero. As r; approaches the opposite limit
of the carrier body’s shape inequality (r; — 1 + r;) the minimum
value of B needed to avoid chaos increases in magnitude. There-
fore, for the two limiting shapes represented by nearly symmetric
oblate and prolate carrier bodies, chaos is very difficult to achieve.
In Figs. 6-8 we see that as the appendage becomes much smaller
than the carrier body (A — 0), the minimum value of 8 needed to
avoid chaos approaches zero. As A increases in magnitude, that is,
as the size of the appendage relative to the size of the carrier body
increases in magnitude, the minimum value of 8 needed to avoid
chaos increases in magnitude, as expected. In Figs. 5 and 7, we see
that as the appendage becomes much longer along the ¢; axis than
either the &, or &3 axes (r4 — 0), the minimum value of 8 needed to
avoid chaos approaches zero. Note that the shape of the appendage
depends strongly on whether r, is greater than or less than one. If
rq < 1 the major axis of the appendage is aligned with either the ¢,
or the ¢3 axis when the appendage is in its undeformed state. When
ry > 1, the appendage is aligned so that the major axis lies along the
¢y axis. As Figs. 5 and 7 show, the nature of the dynamics does not
necessarily change as we pass from ry < 1 to r4 > 1. However, as
r4 increases in magnitude, the minimum value of 8 needed to avoid
chaos increases in magnitude.

In Fig. 8, we see that as we decrease the torsional stiffness of the
rod (K), the minimum value of B needed to avoid chaos increases
until X becomes very small; for very small K, i.e., as K approaches
zero, the minimum value of 8 needed to avoid chaos decreases
sharply in magnitude. Other parameter subspaces were also studied,
with similar results.

Conclusions

We have derived an analytical criterion for the occurrence of a
chaotic region of phase space in terms of system parameters for a
spacecraft with a nearly symmetric flexible appendage; a process
that involves applying Melnikov’s method to a perturbed satellite
model and performing the nontrivial calculations required to obtain
a criterion for chaos that can easily be used for satellite design. It
may be obvious from the modern theory of dynamical systems that
chaos can occur via the breakup of heteroclinic orbits in this class
of systems, but we have been able to analytically predict for which
parameter values this will occur for a physically realistic model.

It is important to note that we have studied chaotic dynamics in
a spacecraft system with energy dissipation that does not possess
nonautonomous forcing terms. In other words, the chaos comes from
the vibration of continuous elastic elements on the spacecraft and
not from some nonautonomous periodic forcing function such as a
misaligned rotor. Thus we have shown that even a perfectly tuned
spacecraft system, with a control system designed to provide energy
dissipation, can exhibit chaos as a result of the inherent flexibility
of its components. The analytic criterion in this paper thus gives a
useful design tool to spacecraft engineers concerned with avoiding
potentially problematic chaotic dynamics in their systems.

Appendix: Solution for o

We present here the derivation of the exact solution and approxi-
mate solution to the equation of the form

Gd+ota=F (AD)
where F = A sech(br) tanh(bt).

Following a standard variation of parameters procedure, we have
that the solution to Eq. (Al) is

o= uv; + Uy, (A2)
where D = w and
u F !
U = Cos wt, v = —2—, v () = v,(0) +/ v, dt
D 0
t
. . u F .
u, = sin wt, vy = 5 v(t) = 1,(0) +/ v, dt
0

To find expressions for v, (0) and v,(0), we first evaluate « and « at
t=0

a(0) = u1(0) v1(0) + u2(0) v2(0) = v1(0)
&(0) = 11(0) v1(0) + u1(0) 91(0) + 12(0) v2(0)

+u2(0) 12(0) = v2(O)w

Then «(0) = ay = v1(0) = g, and &(0) = &y = v,(0) =
&y/w. So, our solution to Eq. (A1) can be written as )

t . 1
alt) = [awf i;ldt] cos f + [@+/ B dt] sinwt (A3)
0 o 0

Note that ¥, and ¥, do not have elementary antiderivatives. How-
ever, because v; and v, decay to zero as ¢ becomes large, we have
the following approximation to Eq. (A3):

a(t) = a(t) = C, cos wt + C, sinwt (Ad)

where

_ [o'e) (x o0
c1=a0+/ b, dt, c2=l+/ By dt
0 w 0

As we shall see, closed-form expressions do exist for the integrals
found in the preceding expressions for C; and C,. Integrating by
parts, we obtain

/w bdi = — /°° sin wt (A sech bt tanh bt) "
0 0

w

—A % coswt

A5
b J, coshbt (A3)
and from formula 3.981.3 of Ref. 22, we have that
® coswt b4 T
————dt = — sech| — A6
/(, coshbr ' 2b " ( 2 ) (A6)
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Therefore, we obtain

—Am nTw
b, dt = ——— sech{ =— A7
A vy dt S e <2b) (A7)

Similarly, integrating by parts and using formula 3.981.2 of Ref. 22
we obtain

*© e A sech bt tanh bt
f o dt:/ cos wt (A sech bt tan )dt (A8)
0 0 @
Afl o [T sinwt
=—{ - — = dt A9
® { b b [, cosh bt ] (A9

_ A 1 w tanh Tw
—% +% 7T tan —i;
. b+iw b—iw
() ()l o

where ¥, the Euler psi or Digamma function, is defined as

T

[o¢) [o 0]
coswt/ i)ldt—l—sinwt/ vy dt
N n

o0 o
coswt/ vy dt sinwtf Uy dr
Ty Ty
o0 o
/ vy dt f vy de

Tn In
oo oo
/ vy dt f v, dt
Ty Ty
o0 o0
S/ Ii)lldt+_/ [0y} dt
Ty Ty
[eo]
E\/
Tn
o0
+ /
TN
o0
5/ |sin wt|
Y
o0
—|—f |cos wt|
Y

Finally, we have that

= _. 1 de
¢(2)=£ {e —m}— Rz) >0 (All)

la () — a(Tn)| =

=

+

< |cos wt| + |sin wt|

< +

—A
—— sinwt (sech bt tanh bt) | dt
w

A
— cos wt (sech bt tanh br)| dt
)

:f— sech bt tanh bt | dt
w

1—4— sech bt tanh bt | dt
w

B} 2041 ™
la@®) —a(Ty)l < — sech bt tanh bt dt
o Jr,

- 2|A|sechbTy
- bw

So, given values for A, b, and k, we can choose Ty so that the error
between the exact and approximate solutions will be as small as we
like for all values of # greater than Ty.
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